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Abstract 
We call the tournament T an m-eoloured tournament if the arcs of T are coloured with m 
colours. A directed cycle is called a quasi-monochromatic cy le if with at most one exception 
all of its arcs are coloured alike. In this paper I obtain some sufficient conditions for an m- 
coloured tournament T to have a vertex v such that for every other vertex x of T there is a 
monochromatic directed path from x to v. In particular I prove: If T is an m-coloured tournament 
such that every directed cycle of length at most 4 is a quasi-monochromatic cy le then there is a 
vertex v of T such that for every other vertex  of T there is a monochromatic directed path from 
xto  v. 
I. Introduction 
For general concepts we refer the reader to [1]. Let D be a digraph; V(D) and 
A(D) will denote the sets of  vertices and arcs of  D, respectively. An arc ulu2 E A(D) 
is called asymmetrical (resp. symmetrical) i f u2ul ([ A(D) (resp. u2ul C A(D) ). The 
asymmetrical part of D (resp. symmetrical part of D) which is denoted Asym(D)  
(resp. Sym(D) )  is the spanning subdigraph of  D whose arcs are the asymmetrical 
(resp. symmetrical) arcs of  D; D is called an asymmetrical dioraph i f  Asym (D) = D. 
We recall that a subdigraph D, of  D is a spanning subdigraph if  V(D, ) = V(D). I f  
S is a nonempty set of  V(D) then the subdigraph D[S] induced by S is that digraph 
having vertex set S and whose arcs are all those arcs of  D joining vertices of S. An 
arc ulu2 of D will be called an S1S2-arc whenever ul C $1 and u2 C Se. 
A set I C_ V(D) is independent i f  A(D[I]) = O. A kernel N of D is an independent 
set of vertices such that for each z C V(D) - N there exists a zN-arc in D. A digraph 
D is called (i) kernel-perfect digraph or KP-digraph when every induced subdigraph 
of D has a kernel and (ii) critical-kernel-imperfect digraph or CKI-digraph when D 
has no kernel but every proper induced subdigraph of  D has a kernel. 
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A digraph D is called complete if for every two distinct vertices u and v of D, 
at least one of the arcs uv and vu is present in D. And a tournament is a complete 
asymmetrical digraph. 
If  7 = (z0,zl . . . . .  zn,zo) is a directed cycle we will denote by f(7) its length, and if 
zi,zj E V(7) we denote by (zi, T, z j )  the zizj-directed path contained in 7. 
We call the digraph D an m-coloured igraph if the arcs of D are coloured with 
m colours, and the closure of D, denoted Cg(D), the m-coloured igraph defined as 
follows: 
V(Cg(D)) = V(D) 
i n  
A(D) U U{uv with colour i [ there exists a uv-mono-chromatic A(Cg(D)) 
i=1 directed path of colour i contained in D}. 
Notice that for any digraph D, c£(Cg(D)) ~ C~(D). 
If  D is an m-coloured digraph: A directed cycle (or a directed path) is called 
monochromatic f all of its arcs are coloured alike. A directed cycle is called a quasi- 
monochromatic cycle if with at most one exception all of its ares are coloured alike. 
In [5], Sands et al. have proved that for any 2-coloured igraph D, ~(D) is a KP- 
digraph. In particular they proved that every 2-coloured toumament T has a vertex v 
such that for any other vertex x of T there is a monochromatic directed path from 
x to v (i.e. {v} is a kernel of OK(T)). They also raised the following problem: Let 
T be a 3-coloured tournament such that every directed cycle of length 3 is a quasi- 
monochromatic cycle. Must Cg(T) have a kernel? 
In [6] Shen Minggang proved that if in the problem we ask that every transitive 
tournament of order 3 be quasi-monochromatic (i.e. for each transitive tournament of 
order 3, T3 of T, it holds that with at most one exception the arcs of 7'3 are coloured 
alike), the answer will be yes. 
In this paper we obtain some conditions which imply that Cg(T) has a kemel; in 
particular the following: (i) Every directed cycle of length at most 4 is a quasi- 
monochromatic cycle. 
Also we prove that the Shen Minggang condition does not imply condition (i) and 
condition (i) does not imply the Shen Minggang condition. 
Finally we prove that for m i> 5, condition (i) cannot be improved. 
Definition 1.1. Let D be an m-coloured igraph and ?n = (0, 1 . . . . .  n - 1,0) a di- 
rected cycle of D. We will say that ~'n is Cg(D)-monochromatic if there exists a set 
{f i  = (i,i + 1) E A(C~(D))]i E {1,...,n} notation modn } of arcs coloured alike. 
Along the paper we will need the following results: 
Theorem 1.1 (H. Galeana-Sfinchez and Neumann-Lara [3]). I f  D is a CKI-digraph, 
there is no partition {V1, V2} of V(D) such that D[VI, V2] CSym(D) (D[V1, V2] = 
{uv C A(D) I u E Vl,v C V2}); in other words, Asym(D) is strongly connected. 
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Theorem 1.2 (Berge and Duchet [2]). A complete digraph & a KP-digraph if and 
only if every directed cycle has at least one symmetrical rc. 
Theorem 1.3 (H. Galeana-Sfinchez and Rajsbaum [4]). Let T be a hamiltonian tour- 
nament with n vertices and 7 a hamiltonian directed cycle of T. For each k (3 ~< k ~< n-  
1) there exists a directed cycle of length k, say 7k, contained in T such that 
IA(Tk) n A(W)I i> i. 
2. Monochromatic paths, monochromatic ycles and quasi-monochromatic cycles in 
edge coloured tournaments 
Theorem 2.1. Let T be an m-coloured tournament. I f each directed cycle contained in 
T and of length at most 4 is a quasi-monochromatic cy le then Cd(T) is a KP-digraph. 
Proof. We proceed by contradiction. Suppose that C£(T) is not a KP-digraph, since 
~(T)  is a complete digraph it follows from Theorem 1.2 that there exists a directed 
cycle contained in Asym(Cg(T)). 
Let ? -- (zo,zl . . . . .  Zm-l,zo) be a directed cycle of minimum length m contained in 
Asym (C£(T)). Now we will prove several propositions in order to conclude the proof. 
(a) 7 C T. The definition of 7 implies 7 c_ Asym OK(T) and since T is a tournament 
with V(T) = F(Cg(T)) it follows that 7 C_ T. 
(b) /(7) = m~>5. By contradiction, suppose that E(7)~<4. Since 7C_T it follows 
from the hypothesis that 7 is a quasi-monochromatic cy le; without loss of generality 
we can assume that the arcs 
{(zi,zi+l) E A(7)I i E {0,1 .. . . .  m-  2}} 
are coloured alike. So (zo,zl . . . . .  Zm-1) is a monochromatic directed path. It follows 
that (zo,zm-1) ~ A(Cg(T)) and then 
(zm l,z0) E A(Sym(~(T)) A 7). 
A contradiction. 
(c) 7 is not monochromatic. Suppose that 7 is a monochromatic directed cycle; then 
(zo, zl . . . . .  Zm-1) is a monochromatic directed path and (zo,zm-1) 6 A(C~(T)), hence 
(Zm--I,ZO) C A(SymCg(T)) N A(7 ). A contradiction. 
(d) For any zi,zj E V(7) such that j f[ { i -  1,i+ 1} it holds that {(zi,zj),(zj,zi)} C_ 
A(c~(T)). Let zi, zj E V(7) be such that j ~ { i -  1,i+ 1}. Since {zi,zj} C V(T), at least 
one of the two arcs (zi,zj) or (zj,zi) is in T. Without loss of generality assume that 
(zi,zj) q A(T). Then ),' = (zi,zj,zj+l . . . . .  Zi--l,Zi) (notation modm) is a directed cycle 
with / (~)  < E(7 ). It follows from the definition of 7 that ),~ ~ Asym(Cg(T)), hence 
(zj,zi) q Sym(~(T)).  
Since 7 is not monochromatic, there exist two consecutive arcs of ~ with different 
colour assigned. Say the arc (z0,zl) is red and the arc (zl,z2) is blue. 
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(e) (z2,zo) ~ A(T). We proceed by contradiction. Suppose that (z2,zo) E A(T), then 
]13 = (g0,gl,Z2,2"0) is a directed cycle of length 3 contained in T. The hypothesis of 
Theorem 2.1 implies that the following holds: (z2,z0) is red or (z2,zo) is blue. If 
(z2,zo) is red then (zz,zo,zl) is a monochromatic directed path, hence (z2,zl)CA(Cg(T)) 
contradicting that ~ C_Asym(Cg(T)). If (z2,z0) is blue then (zl,z2,zo) is a monochro- 
matic directed path, hence (Zl,ZO) E A(~(T))  contradicting that V C_ Asym(Cg(T)). So, 
(z2,zo) ~ A(T), however proposition (d) implies that (z2,z0) E A(CK(T)). Hence there 
exists a monochromatic directed path of length at least two from z2 to z0 contained in 
T. Let ~ = (z2 = 0,1 . . . . .  p =z0) be such a path (p~>2). 
(f) ~ is not blue. If ct is blue then (zl,z2)td c~ is a monochromatic directed path and 
hence (zl,zo) C A(Cg(T)) contradicting that ~ c_ Asym(fg(T)). 
(g) ~ is not red. If ~ is red then ~t U (z0,zl) is a monochromatic directed path and 
hence (z2,zl) E A(Cg(T)) contradicting that 7 _C Asym (Cg(T)). 
In what follows we will assume (without loss of generality) that ct is black. 
(h) For each i>~O such that 2i < p, (zl,2i) E A(T). We proceed by contradic- 
tion. Suppose that there exists i~>0 such that 2i < p and (zl,2i) ~ A(T). Let 2/0 = 
min{2il(zl,2i) (~ A(T) (0~<2i < p)}. Since 0 = z2 and (zl,z2) E A(T) it follows 
that 2io > 0 and 2/0 -2~>0. Hence (Zl ,2i0-  2) C A(T), (Zl,2i0) ~ A(T) and 
(2i0,zl) E A(T). 
Let ]14 = (Zl,2io -2 ,2 /0  - 1,2i0,zl). The above statements imply that ]I 4 is a di- 
rected cycle of length 4 contained in T with two black arcs, namely (2 /0-  2 ,2 /0 -  
1) and (2/0 - 1,2io). The hypothesis of Theorem 2.1 implies that ]14 is a quasi- 
monochromatic cycle and then at least one of the two arcs (zl,2i0 -2 )  or (2i0,zl) is 
black. 
If (z l ,2 i0-2)  is black then (zi ,2i0- 2 )U(2 i0 -2 ,2 /0 -  1,2i0 . . . . .  p = z0) is a mono- 
chromatic directed path, hence (Z1,20) ~ A(Cg(T)) contradicting that 7 c Asym(Cg(T)). 
If (2i0,zl) is black then (z2 = 0, 1 . . . . .  2i0) tO (2i0,zl) is a monochromatic directed 
path, hence (z2,zl) E A(CK(T)) contradicting that 7 C_ Asym (OK(T)). 
We conclude the proof of Theorem 2.1 by analyzing the cases that p is even and 
p is odd: 
Case 1: p is even. In this case p -2  is also even and since p~>2 we have 
p -  2~>0. Proposition (h) implies that ( z l ,P -  2) 6 A(T). And so, ]14 = (Z l ,p -  2, 
p-  1, p, zl ) is a directed cycle of length 4 contained in T with at least two black arcs, 
namely (p -  2, p -  1 ) and (p -  1, p). Now, since ]14 is a quasi-monochromatic cy le it 
follows that (Zl, p -  2) is black (notice that (p, zl ) = (zo,zl) is red), and consequently 
(Zl, p - 2, p - 1, p = zo) is a monochromatic directed path, hence (ZI,Z0) E A(Cg(T)) 
contradicting that 7 C Asym (Cg(T)). 
Case 2: p is odd. First we will prove the following propositions. 
(i) I f  p is odd then for each i>~O such that 1~<2i+ l~<p, (2 i+ 1,Zl) E A(T). 
By contradiction. Suppose that there exists i~>0 such that 1~<2i + l~<p and 
(2i + 1,zl) f[A(T), and let 
2io+ 1 = max{2i + 11(2i + 1,Zl) q[A(T)(l<~2i+ l~<p)}.  
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Since p = zo and (zo,zl) E A(T) it follows that 2i0+1 < p. Hence (2io+3,zl) E A(T) 
and (zl,2io + 1) E A(T). 
Let 74 ---= (zl, 2io+1,2i0+2, i0+3,zl ). The statements above imply 74 is a directed cy- 
cle of length 4 contained in T with two black arcs, namely (2io+ 1,2i0+2) and (2i0+2, 
2i0 + 3). The hypothesis of Theorem 2.1 implies that 74 is a quasi-monochromatic cy le 
and then at least one of the two arcs (Zl,2i0 + 1) or (2i0 + 3,zl) is black. 
If (zl,2i0 + 1) is black then (Zl,2i0 + 1) U (2i0 + 1,2i0 + 2 .. . . .  p = Zo) is a mono- 
chromatic directed path, hence (Z1,Z0) E A(Cg(T)) contradicting that 7 C_ Asym(C~(T)). 
If (2io + 3, zl ) is black then (z2 = 0, 1 . . . . .  2io + 3) t3 (2i0 + 3, zl ) is a monochromatic 
directed path, hence (z2,zl) E A(C~(T)) contradicting that 7 C_ Asym(~(T)). 
(j) I f  p is odd then (1,zl) E A(T) is blue. It follows directly from (i) that 
(1, Zl ) E A(T). Hence 73 z (Z1,2"2 ~ 0, 1, Zl ) is a directed cycle of length 3 contained in 
T. Since the arc (zl,z2) is blue, the arc (0, 1) is black and 73 is a quasi-monochromatic 
cycle (by the hypothesis of Theorem 2.1), it follows that the arc (1,Zl) is blue or the 
arc (1,zl) is black. 
If the arc (1,zl) is black then (z0, 1,zl ) is a monochromatic directed path, which im- 
plies (20,21) ~ A(~(T)), contradicting that 7 c_ Asym(Cg(T)). We conclude that (1,z  1) 
is blue. 
(k) I fp  is odd then (z l ,p -  1) EA(T) is red. Since p is odd, then p -  1 is even 
and (h) implies (Zl, p -  1) E A(T). Hence 73 = (zl, p -  1, p, zl) is a directed cycle 
of length 3 contained in T. Since (zo,zl) = (p, zl) is red, (p -  1,p) is black and 73 
is a quasi-monochromatic cy le (see the hypothesis of Theorem 2.1), it follows that 
the arc (zl, p - 1) is red or the arc (zl, p - 1) is black. If the arc (zl, p - 1) is black 
then (zl, p - 1, p) is a monochromatic directed path, which implies (Zl, p) E A(~(T)), 
contradicting that 7 C Asym(Cg(T)). We conclude that (Zl, p -  1) is red. 
We conclude the proof of Theorem 2.1 by considering the following two subcases: 
Subcase 2(a): (1,p) E A(T). In this case 74 = (P = zo,zx,z2 = 0, 1,p) is a directed 
cycle of length 4 contained in T whose arcs are coloured with at least three colours 
((Zo,Zl) is red, (Zl,Z2) is blue and (0,1) is black) contradicting the hypothesis of 
Theorem 2.1. 
Subcase 2(b): (p, 1) E A(T). In this case 74 = (1 ,z l ,p -  1,p, 1) is a directed 
cycle of length 4 contained in T whose arcs are coloured with at least three colours 
(proposition (j) implies (1,zl) is blue, proposition (k) implies ( z l ,p -  1) is red, and 
(p -  1, p) is black) contradicting the hypothesis of Theorem 2.1. [] 
Theorem 2.2. Let T be an m-coloured tournament such that each directed cycle of 
length 3 contained in T is a monochromatic cycle. Then Cg(T) is a KP-digraph. 
Proof. We will prove that each directed cycle of length 4 contained in T is a quasi- 
monochromatic cycle. 
Let 74 = (0, 1,2,3,0) be a directed cycle of length 4 contained in T, and suppose 
that 74 is not monochromatic. We can assume (without loss of generality) that the arcs 
(0, 1) and (1,2) have assigned ifferent colours; namely (0, 1) is red and (1,2) is blue. 
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We claim that the arcs (2, 3) and (3, 0) are coloured alike. Suppose for a contradiction 
that the arcs (2,3) and (3,0) have different colours assigned. So, if (0,2) E A(T) then 
the directed cycle of length 3 contained in T, ?3 = (2,3,0,2) is not monochromatic. 
A contradiction. 
If (2,0) E A(T) then the directed cycle ?3 = (2,0, 1,2) of length 3 contained in T 
is not monochromatic. 
We claim that the arcs (2, 3) and (3, 0) are both coloured in red or are both coloured 
in blue. Suppose for a contradiction that the arcs (2,3) and (3,0) which are coloured 
alike are neither red nor blue, say that they are black. If (1,3) E A(T) then ?3 -- 
(1,3,0, 1) is not a monochromatic directed triangle, a contradiction. If (3, 1) E A(T) 
then (3, 1,2,3) is not a monochromatic directed triangle, a contradiction. 
The arcs (2,3) and (3,0) are both red or both blue. In any case ]~4 is a 
quasi-monochromatic cycle. It follows directly from Theorem 2.1 that Cg(T) is a 
KP-digraph. [] 
Theorem 2.3. Let T be an m-coloured tournament such that each directed cycle of 
length 3 contained in T is Cg(T)-monochromatic. Then OK(T) is a KP-digraph. 
Proof. Since ~(T)  is a complete digraph, it follows from Theorem 1.2 that it suf- 
fices to prove that each directed cycle contained in c-g(T) has at least one symmet- 
rical arc. Let 7 be a directed cycle contained in Cg(T) and by contradiction suppose 
that 7 c Asym(Cg(T)). It follows that 7 C_ T. The directed cycle 7 is a hamiltonian 
directed cycle of the tournament T[V(C~)] = T I. It follows from Theorem 1.3 that 
there exists a directed cycle ?3 of length 3 contained in T ~, such that ]A(]~ 3)NA(?)] ~> 1. 
Since ?3 is Cg(T)-monochromatic t follows that ?3 C_ Sym(¢g(T)), and so 
A(7)NA(Sym(Cg(T))) ~ ~). [] 
Theorem 2.4. Let T be an m-coloured tournament with p vertices such that there 
exists a dioraph H with V(T) = V(H), C£(T) C_ H and C£(H) a CKI-digraph. I f  there 
exists some k(4<~k<~p) such that every directed cycle of length k contained in T 
is C~(H)-monochromatic hen each directed cycle of length k - 1 contained in T is 
¢£ (H )-monochromatic. 
Proof. Let T be an m-coloured tournament as in the hypothesis and take ~Yk-I = 
(zo,zl . . . . .  zk-2,z0) a directed cycle of length k -  1 contained in T (3~<k- 1 ~<p-  1). 
We will analyze some possible cases: 
Case 1: There exists a vertex w E (V(T) - V(Tk-~)) such that {(z,w) E A(T)Iz E 
v(?k_l)} # 0 and {(w,z)~ A(T)Iz c V(~k-~)} #0. 
Without loss of generality suppose that (zo, w) E A(T) and let i = rain {j  E 
{1 .. . . .  k -  2} [(w, z j )EA(T)}  (the choice of w implies that i is well defined). It 
follows from the definition o f /  that (Zi-l,W) E A(T) and (w, zi) E A(T). Hence 
(zi-1, w, zi)U (zi, 7k-l,zi-1 ) is a directed cycle of length k contained in T and the hy- 
pothesis implies that it is Cg(H)-monochromatic, say blue. Moreover, since there exists 
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a set of blue arcs in ~(H)  {(Zi_I,W),(W, Zi)} it  follows that there exists a blue arc 
in c~(C~(H)) = Cg(H) from zi-1 to zi. We conclude that there exists a set of arcs of 
~(H) ,  say {f i  = (zi,zi+l) I i E {0, 1 . . . . .  k - 2} (notation modk-  2) } coloured alike 
of colour blue. Hence 7k-~ is C~(H)-monochromatic. 
Case 2: For every vertex w C (V(T)  - V(Tk-l)), at least one of the two following 
propositions holds: 
{(z,w) c:A(T)lz ~ V(Tk-1} = 
or  
{(w,z )  A(V) lz  = 0. 
Denote by: 
W~ = {w ~ iV(T)  - W(';k-,)) I {(w,z) ~ A(T)  I z ~ W(Tk-~)} = 0} 
and 
w2 = {w c (V(T )  - I { (z ,w)  cA(T)  I z c = 9}.  
Case 2(a): II2 = 9. Since k -  I~<[T I - 1 and Vi U V2 = V(T) -  V(yk-1) it follows 
that V1 :~ 0. Let N1 be a kernel of C~(H)[V1] (such a kernel exists because C~(H) is a 
CKI-digraph). Notice that the definition of VI implies that for each w E V1 and each 
z c V(Tk_l), (z,w) c A(T). Hence N1 is a kernel of ~(H).  A contradiction. 
Case 2(b): V2 ¢ ~3 and V~ = 9. Since k -  1 ~< IV(T)I - 1 = I V(C6(H))[ - 1 and Cg(H) 
is a CKI-digraph, it follows that C~(H)[V(7k_l )] has a kernel. Let/71 be a kemel of 
C~(H)[V(Tk_l)]. It follows from the definition of V2 that for each w E V2 and each 
z E V(Tk-l), (w,z) c= A(T). Hence N1 is a kernel of C6(H). A contradiction. 
Case 2(c): V2 ¢ 0 and V1 -7/= (~. In this case, (V1 U V(~A-I),V2) is a partition 
of V(T) = V(H)  = V(Cg(H)). Now, since ~(H)  is a CKI-digraph, it follows from 
Theorem 1.1 that Asym Cg(H) is a strongly connected igraph and hence there is an arc 
from V1U V(Tk_l ) to V2 in Asym(~(H)) .  The definition of V2 implies that there is no 
V(7k-1 )Vz-arc contained in T, hence there exists a V1V2-arc contained in Asym (Cg(H)) 
(notice that if (u,v) c:_ Asym(Cg(H)) then (u,v) E A(T)). Let (x,y) be a V1V2-arc 
contained in Asym (Cg(H)). 
Clearly 7k = (zo,x,y, z2)I..j (z2,Tk_l,zO) is a directed cycle of length k contained 
in T (the definition of V1 implies (zo,x) E A(T)  and the definition of V2 implies 
(y, z2) C A(T)).  It follows from the hypothesis that 7k is a Cg(H)-monochromatic 
cycle. Hence there exists in ~(H)  a yx-monochromatic directed path, and then (y,x) c:_ 
A(C~(H)) contradicting that (x,y) c Asym(C~(H)). [] 
The following is a general result which can be used to obtain sufficient conditions 
for Cg(T) to be a KP-digraph. 
Theorem 2.5. Let T be an m-coloured tournament with p vertices. I f  there exists 
some k (3~<k~<p) such that: 
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(i) For every m-coloured tournament TIC T such that T p contains no directed 
cycle of length k, ~(T') is a KP-digraph. 
(ii) Each directed cycle of length k contained in T is ~(T)-monochromatic. Then 
~(T) is a KP-digraph. 
Proof. We proceed by contradiction. Suppose that ~(T) is not a KP-digraph, then 
there exists an induced subdigraph of Cg(T), namely H such that H is a CKI-digraph. 
Let TH = T[V(H)]. If TH contains no directed cycle of length k then ~(Tn) is a 
KP-digraph and hence ~(TH) has a kernel, namely {v}; and clearly {v} is a kernel 
of H (because Cg(TH)C_H). A contradiction. It follows that TH contains a directed 
cycle of length k; the hypothesis (ii) implies that each directed cycle of length k 
is Cg(T)-monochromatic. When k = 3 it follows from Theorem 2.3 that Cg(TH) is a 
KP-digraph and then (~(TH) has a kernel, say {v}, which clearly is also a kernel of 
H (because Cg(TH)C_H). When k~>4, by applying Theorem 2.4 (taking T = TH, we 
have ~(TH)C_H and Cg(H) -H  is a CKI-digraph) recursively, we get that every 
directed cycle of length 3 contained in TH is ~(T)-monochromatic and Theorem 2.3 
implies that qf(Tn) has a kernel {v} which clearly is also a kernel of H. A 
contradiction. [] 
If we ask only that each directed triangle contained in T be a quasi-monochromatic 
cycle in Theorem 2.1, the result will fail. 
For example, the tournament G5 obtained by Shen Minggang in [6] (see Fig. 1) 
is a 5-coloured tournament, of order 5, each directed triangle contained in T is a 
1 5 
3 
Fig. 1. 
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quasi-monochromatic cy le. But G5 does not contain any vertex v such that for every 
other vertex x of G5 there is a monochromatic path from x to v. In fact vi+l cannot 
reach vi via a monochromatic path. 
Fig. 2 shows that the Shen Minggang condition does not imply the condition of 
Theorem 2.1 and Fig. 3 shows that the hypothesis of Theorem 2.1 does not imply the 
Shen Minggang condition. Hence if m/> 5, the condition of Theorem 2.1, 'each directed 
cycle of length at most 4 is a quasi-monochromatic cycle', cannot be improved. But 
the cases m = 3,4 of the question of Sands et al. [5] is still an open question. 
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